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ABSTRACT 

Convexity arguments are applied to characterize the M-ideals of a given com- 
plex function space A ~_ C(X). The main result is the following: Aclosed 

I of A is an M-ideal if and only if J= { a ~ A .I a =-- 0 on E}, where subspace 
E is an M-set of X. Specializing to uniform algebras it is shown that M-ideals 
coincides with the algebraic ideals generated by p-sets, which in turn yields 
a description of the primitive ideal space, Prim A, as the Choquet-boundary 
endowed with p-set topology. 

Introduction 

The aim of  this paper  is to give a characterization of the M-ideals of  a complex 

function space A ~_ Cgc(X ). 

The concept of  an M-ideal was defined for real Banach spaces by Alfsen and 

Effros [2], but it can be easily transferred to the complex case (Theorem 1.3). 

The main result is the following: Let J be a closed subspace of a complex 

function space A. Then J is an M-ideal in A if and only if 

J = (a e A  / a - 0 on E}, 

where E _~ X is an A-convex set having the properties: 

(i) # ~ M + @aX) ,  v E M-~ ( E) ,  # - v ~ A "  ~ Supp(#) _ E 

(ii) # ~ A" n(3aX)  ~/~1~ ~ A j-. 

In  case A is a uniform algebra these sets are precisely the p-sets (generalized peak 

sets). 
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Following the lines of [2], we shall study M-ideals in A by means of the cor- 

responding L-ideals in A*, which in turn are studied by geometric and analytic 

properties of the closed unit ball K in A*. 

Although we have an isometric complex-linear representation of the given 

function space as the space of all complex-valued w*-continuous linear functions 

on K, it turns out that the smaller compact, convex set Z = conv(S a u - iSa), 

where SA denotes the state space of A, will contain enough structure to determine 

the L-ideals. The set Z was first studied by Asimow [4]. Note also that the problems 

which always arise in the presence of complex orthogonal measures can, to a 

certain extent, be given a geometric treatment when we consider the compact, 

convex set Z (Theorem 2.4). 

Another useful tool in this context is the possibility of representing complex 

linear functionals by complex boundary measures of the same norm, as was 

recently proved by Hustad [11]. 

Specializing to uniform algebras we characterize the M-summands (see [2, w 

and we conclude by pointing out that the structure-topology of Alfsen and Effros 

[2, w coincides with the symmetric facial topology studied by Ellis in [-7]. 

This result yields a description of the structure space, Prim A (see [2, w in 

terms of concepts more familiar to function algebraists. Specifically, Prim A is 

(homeomorphic to) the Choquet-boundary of X endowed with the p-set topology. 

The author wants to express his gratitude to E. Effros for Theorem 1.2 and to E. 

Alfsen for helpful comments. 

1. Preliminaries and notation 

Let W denote a real Banach space. Following [2, w we define an L-projection 

e on W to be a linear map of W into itself such that, 

i) e 2 = e 

ii) Ilpll--I[e(p)ll + Ilp-e(p)ll Vp W 

and we define the range of an L-projection to be an L-ideal in IV. 

To every L-ideal N = eW, there is associated a complementary L-ideal N' 

= (I - e)W. See [2, w 

We say that a closed subspace J of a real Banach space V is an M-ideal if the 

polar of J is an L-ideal in W = V*. Also, we define a linear map e of V into itself 

to be an M-projection if 



Vol. 12, 1972 M-IDEALS IN FUNCTION SPACES 135 

i )  e 2 = e 

ii) I[v II = max {1[ e(v)I[, [I v - e(v)[1} Vv + V 

and we define a subspace of  V to be an M-summand if it is the range of an M- 

projection. It follows from [2, Corollary 5.16] that M-summands are M-ideals. 

LEMMA 1.2. Let N be an L-ideal in a real Banach-space W, and let e be the 

correspondin 9 L-projection. I f  T is an isometry o f  W onto itself, then T N  is an 

L-ideal and the corresponding L-projection e T is given by 

e T = T e T -  x (1.1) 

Also 

(TN) '  = T(N') .  

PROOF. Straightforward verification. 

If  V is a complex Banach space, then we shall denote by Vr the subordinate real 

space, having the same vectors but equipped with real scalars only. By an ele- 

mentary theorem [12, w it follows that there is a natural isometry ~b of (V*) 

onto (Vr)*, defined by 

(1.2) dp(p)(v) = Rep(v) v ~ V. 

THEOREM 1.2. (Effros) Let W be a complex Banach space with subordinate 

real space Wr I f  N is an L-ideal in W ,  then N is a complex linear subspace of  W. 

PROOF. It suffices to prove that ip ~ N for all p ~ N. Let p s N and consider 

q = p - eTp , 

where T is the isometry T(p) = ip/Vp ~ W and e r is defined as in (1.1). Then 

q = e(p) - eTe(p) = e(p -- er(P)) ~ N 

since L-projections commute [5, Lemma 2.2.]. Also we have 

iq = i(I - er)(p ) ~ i (T(N' ) )  = N' .  

Thus 

x/2-'[[ q I[ = 11 q + iq [1 = 1[ q [I + 1[ iq [1 = 2[[ q [1" 

Hence q = 0 and ip ~ N. 

COROLLARY 1.3. Let V be a complex Banach space with subordinate real space 

V,. I f  d is an M-ideal in Vr then J is a complex linear subspace of  V. 

PROOF. It suffices to prove that if v ~ J then iv ~ J. Assume for contradiction 
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that there exists Vo e J such that ivo r J. By the Hahn-Banach theorem there 

exists p e V* such that 

Rep (ivo) > 0, Rep(v) = 0 Vv e J. 

Let ~b: (V*)r -~ (V,)* and T: (V*)r"+ (V*)r as above. If  jo denotes the polar of 

J in (Vr)* then q~- ~(j7) is an L-ideal in (V*), and hence a complex linear subspace 

of V*. Thus r~-l(J ~ ~ dp-l(J ~ and moreover, 

jo = (gbTq~- 2) (jo) 

Since Rep ~ j o  we shall have (~bT~ -1) (Rep) ~jo.  Thus 

0 = (~bT~b-1)(Rep)(v0) = Re(ip)(vo) = Rep(ivo) 

and we have obtained a contradiction. 

The above results justify the use of the terms L- and M-ideals for complex 
Banach spaces to denote L- and M-ideals in the subordinate real spaces. 

Let V be a complex Banach space, W = V*, and K the closed unit ball of W. 

I f N  is a w*-closed L-ideal in W with corresponding L-projection e, then it follows 

from [2, Corollary 4.2] that, for a given v ~ V considered as a complex linear 

function in W, one has v o e is Borel and 

(voe)(p) = ~ (roe)d# VpEK, V/~ ~M+(K) (1.3) 
dK 

and 

(voe)(p)= ~ vd# VpeK, V#eM+@eK) (1.4) 
JN r~K 

where M~(K) denotes the set of all probability measures on K with barycenter p, 

and M~(OeK) the set of all measures in M~(K) which are maximal in Choquet's 

ordering (boundary measures). 

2. M-ideals in complex function spaces 

In this section, X shall denote a compact Hausdorff space and A a closed, 

linear subspace of ~c(X), which separates the points of X and contains the 

constant functions. The state space of A, i.e., 

sA-- p  A*I p(1)--IlPll--I  
is a w*-closed face of the closed unit ball K of A*. We shall assume that K is 

endowed with w*-topology. 
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Since A separates the points of X, we have a homeomorphic embedding (I) of X 

into Sa, defined by 

(2.1) (~(x)(a) = a(x) Va ~A. 

We use Oa to denote the function on A* defined by 

(2.2) Oa(p) = Re p(a) Vp E A*. 

For convenience we shall use the same symbol Oa to denote the restriction of this 

function to various compact, convex subsets of A*. 

An enlargement of Sa, which was introduced by Asimow, is the following set 

(2.3) Z = conv(SA w - iS, O. 

Appealing to [-4, Proposition 11, the embedding a ~ Oa is a bicontinuous real 

linear isomorphism of A onto the space A(Z) of all real-valued w*-continuous 

affine functions on Z. 

We shall denote by M~(Sa) (respectively M+(Z)) the w*-compact convex set 

of probability measures on SA (respectively Z). The set of extreme points of Sa 

(respectively Z, K) will be denoted by ~eSa (respectively deZ, tOeK) and the Choquet 

boundary of X with respect to A is defined as the set 

(~A s = { X ~ S I f~(x) c (3 eSA}. 

It follows from [12, p. 38] that 3eSa - (I)(X). Moreover, 

 eg= AI-- 1, x ~0aX}. 

See [6, p. 441]. 

Also we agree to write M~(SA) (respectively M+~(Z)) for the w*-compact convex 

set of probability measures on SA (respectively Z) which has barycenter p e SA 

(respectively z e Z). By M~(OeSA) (respectively M+~(deZ)) we denote the maximal 

representing measures for p (respectively z) (boundary measures). 

A real measure I~ on Sa (respectively Z, K) is said to be a boundary measure 

on SA (respectively Z, K) if the total variation I#1 is a maximal element in the 

Choquet ordering, and we denote them by M(g~SA) (respectively M(OeZ), M(O~K)). 

Finally we denote by M(OAX) those complex measures/~ on X for which the 

direct image measure q~([/~[) on Sa is an element of M(O~SA). 

It is well-known (see e.g. [1, Proposition 1.4.6]) that boundary measures are 

supported by the closure of the extreme boundary. 

As mentioned we shall study M-ideals in A by considering the corresponding 
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L-ideals in A*. Let N be a w*-closed L-ideal in A* with corresponding L-projection 

e.  

LEMMA 2.1. Let p e SA. Then 

e(p) ~ cony((0} W Sa). 

PROOF. Let p ~ SA and decompose p =q  + r where q = e(p)and r = (1 -e ) (p ) .  

I f  q = 0 or r = 0 there is nothing to prove. Otherwise 

is a convex combination of points in K. Since Sa is a face of  K we obtain 

q/ l lql leSA.  Hence 

e(p) = q e cony({0} USA). 

COROLLARY 2.2. Let z e Z, then 

(I - e)(z) e cony({0} UZ).  

PROOF. Since I - e is an L-projection the corollary follows immediately from 

Lemma 2.1 and the definition of Z. 

I f  Q is a closed face of a compact, convex set H, then the complementary face 

Q' is the union of  all faces disjoint from Q. Q is said to be a split face of  H if Q' is 

convex and each point in K \ ( Q  u Q') can be expressed uniquely as a convex 

combination of a point in Q and a point in Q', (cf [1, p. 133]). 

According to [1, Theorem II.6.12], we have that for a closed face Q of  H the 

following statements are equivalent: 

(i) Q is a split face. 

(ii) If  # e M(~eH ) annihilates all continuous affine functions, then #IQ has the 

same property. 

THEOREM 2.3. Let N be a w*-closed L-ideal of  A* and let F = N N Z. Then F 

is a split face of Z with complementary face F' = N'  n Z .  

PROOF. To see that F is a face of Z we consider a convex combination 

2z I + (1 - 2)z 2 ~F,  

where za, z2 e Z  and 0 < 2 < 1. From Corollary 2.2, we have (1 - e)(zi) econv 

({0} ~ Z) for i = 1, 2. Moreover, 

(2.4) 0 = 2(1 - e)(zO + (1 - 2)(1 - e)(z2). 
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Since 0 ~ Z, 0 is an extreme point of conv({0) U Z) and hence from (2.4) 

( I  - e)(zi) = 0 = (I - e)(z2). 

Consequently z, E F for i = 1,2 and F is a face of  Z. 

Let z � 9  and p �9  Then/~(F) = 0 [9, Lemma 2.11]. Moreover, the 

Milman theorem implies that 8eZ c_ (St U -  iSA) and hence Supp(#)~_ 

(St u - iSt). Since these two sets are faces of K we may consider # as a 

boundary measure on K. 

According to (1.4), we also have 

(Oa o e) (z) = fF Oa dl~ Va A, 

where e is the L-projection corresponding to N. Thus e(z)= 0, which in turn 

implies z �9 N'  n Z. 

Conversely, assume z � 9  n Z. Decompose 

Z = Apt  + (1 - -  J ' )P2 

where Pl �9 F, P2 �9 F '  and 0 _ 2 <__ 1. Hence 

z - ( 1  - 2)p2 = 2pl � 9  ~ N '  = {0}, 

and so z = P2 �9 F ' .  Thus we have proved that F '  = N '  n Z. In particular, F '  is 

convex. 

From the above results we may establish the splitting property by proving 

12 �9 A(Z) • M(3eZ ) ~ 12 IP �9 A(Z) • 

To this end we consider # e A ( Z ) Z n  M(OeZ). As before p �9 M(SeK), and also 

f K O a d # =  f z O a d # = O  Va �9  

i.e., # �9 where Ao(K) is the space of  all real-valued w*-con- 

tinuous linear functions on K. By virtue of [2, Theorem 4.5] Pie �9  or 

equivalently #] r �9 A(Z)'. q.e.d. 

REMARK. Under the hypothesis of Theorem 2.3 we have 

F = conv((F n St) w - i(F n St)).  

Following Ellis [7] we shall say that a subset of Z of the form 

conv(C t3 - iC), C c_ St 

is symmetric. Let F be a closed face of St, and put 
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(2.5) E = qb-l(F t~ q~(X)). 

Then F = conv(@(E)) and F n @(X) = (I)(E). 

THEOREM 2.4. Let F be a closed face of  Sa and let E be as in (2.5). Then the 

following statements are equivalent: 

(i) S v = conv(F u - iF) is a split face of  Z. 

(ii) / ~ A  • r~M(OaX) :>l~le~A • 

PROOF. Assume SF is a split face and let / t  e A ' n  M(OaX). Let a=@/~. Then a 

is a complex boundary measure on Sa. I f  v is a real or complex measure on K, 

then we denote by r(v) the resultant of  v, i.e., the unique point in A* for which 

a(r(v)) = JK adv V a ~ A .  (2.6) 

Since/~ e A" we have r(a) = 0. Rewrite a as 

(2.7) a --- o" 1 d- itr 2 

where ai is a real boundary measure on K for i = 1,2. Define ~k: Sa ~ - iSa by 

~(p) = - ip V p 6 S a. (2.8) 

The measure 

(2.9) 

is a real boundary measure on Z with r(a ' )= O, i.e., a ' ~ A ( Z )  x n M(aeZ). 

Since SF is a split face of  Z, we shall have a' I s~ ~ A(Z) x and hence 

0 = r(a'ls F) = r(a~ IF) - r(~(a2)I~tr)) 

= r ( ~ ] ~ )  + ir(a2lF)= r(a]~) 
or equivalently #l~ ~ A' .  

Assume conversely that E satisfies (ii). First we prove that S~ is a face of  Z. 

Let z~SF and #~M+(OeZ). Then we have to prove that S u p p ( / 0 _  SF. Since 

z ~ SF we may write z as a convex combination 

z = 2 p l  + ( 1 - 2 ) ( - i p 2 ) ,  p i~F  i - -  1,2. 

Choose ai~M+(OeSA) for i----1,2. Then ai(F)= 1 since F is a face. Since 

I~eM+(Se Z) we may write # as 

(2.10) # = / q  +/12 , 

where Supp (/q) _ SA, Supp (/~2) ~ - iSA. 
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Consider  the measure 

(2.11) v = Zal + (1 - Z ) ( -  ia2) - (/21 - i ff-  1(/22)) �9 

Then  v is a complex boundary  measure on Sa with r(v) = 0. F r o m  (ii) it follows 

that  r(vlF) = 0. Specifically v(F) = 0 and hence from (2.11) 

0 = ,~ + (1 - Z ) ( -  i) -/21(F) + i/22(-iF), 

i.e.,/21(F) = Z a n d / 2 2 ( -  iF) = 1 - Z and hence/2(SF) = 1. 

To  prove that  SF is a split face we let/2 ~ A(Z)J-n M(~eZ). As in (2.10) we write 

/2 a s  /2 ~ / 2 1  ~-/22 and define 

/2' =/21 - i~-1(/22). 

Then  r(# ' )  = 0 and as above r(/2' IF) = 0. Hence 

0 = r(/21 IF) - ir(t~-1(/22) IF) = r(/2 Is ), 
i.e., #]sF ~ A(Z) -L and the theorem is proved.  

THEOREM 2.5. Let F be a closed face of Sa for which SF = c o n v ( F  u - iF) 

is a split face of Z. Then 

N = lincF 

is a w*-closed L-ideal in A*. 

PROOF. Since SF is a split face, N may be considered as a w*-closed real linear 

subspace of  A(Z)* and f rom the connect ion between A and A(Z) (see section 1) it 

follows that  N is w*-closed in A*. 

According to Theorem 2.4 the following definition is legitimate, 

f~  a d# Va ~ A, e ( p )  (a) 

where E is as in (2.5) and # is a maximal  complex measure representing the point  

p e A*. Clearly e(A*) ~_ N. Let  p ~ N, i.e., 

P = 21Pi + 2 2 ( -  P2) + Za(ip3) + 2 4 ( -  ip4) 

where p ~ F  and 21 > 0 for  i = 1 ,2 ,3 ,4 .  

Choose measures tri ~ M+(aeSa) for  i = 1, 2, 3, 4. Then  Supp(ai) _ @(E) since F 

is a face of  Sa. Define/2~ = @-la~ for  i = 1 ,2 ,3 ,4  and 

[2 = /~1/21 - -  22/22 + i'~3/23 - -  i)'4/24. 

Now/2  is a complex representing measure for  p and Supp (/2) _ E, i.e., 
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e(p) = p. 

To prove that e is an L-projection, we shall need the fact that we may represent 

p e A *  by a measure p~M(SAX ) such that I IP][--II . l l  This follows by a slight 

modification of a theorem of Hustad [11] (cf. [10]). 

Having chosen # ~ M(t~aX) representing p ~ A* with IIP II = IIP II, we have 

II p Ir --< II e(p)11 + II p - e(p)H < H # lie + II. II~,~ -- Ir. II = II p II. 
which implies 

II p II -- II e(p) II + II p - e(p) I[ Vp e A*, 

i.e., e is an L-projection with range N. 

A compact subset E ___ X is said to be A-convex if it satisfies: 

E= (x~X] ]a(x)]___< Ila[l~ V a i n } .  

I f F  is a closed face of Sa such that Se = conv(F u - iF) is a split face of Z, then 

the set E = O- I (F  O ~(X)) is A-convex and has the following properties: 

(i) , 6M+(~aX), v EM+(E), p - v 6A'L~ Supp(#) _ E. 

(ii) g~A:-nM(OaX):~ # I r~A • 

If  an A-convex subset E of X satisfies (i) and (ii) then we say that E is an M-set. 

If  E _ X is a compact subset then we denote by Se the following subset of Sa, 

(2.12) S~ = conv(O(E)). 

Clearly, if E is an M-set, SE is a closed face of Sa and S~ n ~(X) = O(E). 

Moreover, 

COROLLARY 2.6. Let E be an M-set of X. Then 

N = l incS  ~ 

is a w*-closed L-ideal of A*. 

PROOF. Theorems 2.4 and 2.5. 

COROLLARY 2.7. Let E be an A-convex subset of X. Then the following state- 

ments are equivalent: 

(i) E is an M-set. 

(ii) conv(SEU - iSE) is a split face of Z. 

(iii) conv(Se u - i S e )  is a face of Z and N = lincSe is a w*-closed 

L-ideaL 

PROOF. Theorems 2.3, 2.4 and 2.5. 
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REMARK. Thus we see that there is a one-to-one correspondence between the 

w*-closed L-ideals of A* and the closed symmetric split faces of Z. 

That not all split faces of Z are symmetric is a consequence of the following 

observation: 

A closed face F of Sa is a split face of Z if and only if the following condition is 

satisfied: 

•2 [EE A • 

where # = / ~  + i/z 2 and E is as in (2.5). 

REMARK. See [4] and [7] for similar results. 

Turning to the M-ideals in A we now have the following 

THEOREM 2.8. Let J be a closed subspace of  A. Then the following statements 

are equivalent: 

(i) J is an M-ideal. 

(ii) J =  ( a ~ A l a - O  on E), 

where E is an M-set of  X .  

PROOL Assume J is an M-ideal of A. Then jo n Z is a split face of Z since jo 

is an L-ideal. Moreover, we claim that 

jo = linc(jO N Sa). 

Trivially, linc(J ~ ~ Sa) -~ jo. I f  p ~ ae(J ~ n K) then 

p ~ t~e(J ~ N K) = jo n ~ K .  

Hence 

Thus 

such that 

p = 2 q ,  121=1,  q~OeSa. 

q = 2 - 1 p ~ j  o ~ S  a 

p ~ linc(J ~ N St). 

It follows from Theorem 2.5 that linc(J ~ n Sa) is w*-closed and hence 

conv((Oe(J ~ n K)) _ linc(J ~ n Sa). 

This in turn implies 
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jo __ linc(jo n Sa). 

Equivalently 

where E = �9 - l(jo ~ ~(X)). 

Thus we see that 

and clearly E is an M-set. 

d o = linc(~(E)i w*, 

J = ( a ~ A l a - 0  on E}, 

Conversely, if J is of the form 

J = ( a 6 A l a = O  on E~. 

where E is an M-set, then jo = lincSe is an L-ideal according to Corollary 2.6. 

3. The uniform algebra case 

In this section we make the further assumption that A is a uniform algebra [8]. 

A peak set E for A is a subset of X for which there exists a function a r A such 

that 

a(x) = 1 Vx~E, la(x)l  < 1 Vx X\E 

A p-set (generalized peak set) for A is an intersection of peak-sets for A. If  X is 

metrizable then every p-set is a peak set [8, w 

It follows from [8, Theorem 12.7] that the following are equivalent for a compact 

subset E of X: 

(i) E is a p-set. 

(ii) # ~ A •  ~. 

Clearly, p-sets are M-sets. Moreover, since M-sets are A-convex it follows by a 

slight modification of [3, Theorem 7.4] that M-sets are p-sets, i.e., we may state 

TrIEOREM 3.1. Let A be a uniform algebra and J a closed subspace of A. 

Then the following statements are equivalent: 

(i) J is an M-ideal. 

(ii) J = { a ~ A  l a - O  on E}, 

where E is a p-set for A. 

Turning to the M-summands of A we have 

THEOREM 3.2. Let J be a closed subspace of A. Then the following statements 
are equivalent: 
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(i) J is an M-summand. 

(ii) J = { a ~ A ] a - O  on El, 

where E is an open-closed p-set for  A. 

PROOF. Trivially ( i i )~  (i) by virtue of Theorem 3.1. 

Conversely, assume J is an M-summand. Then 

J =  { a r  o n E } ,  

where E is a p-set for A. To prove that E is open it suffices to prove that 

( x ~ X  I e(1)(x) = 1} = X \ E  

where e is the M-projection corresponding to J. Clearly 

{ x ~ X  I e(1)(x)--  1} __ X \ E .  

Let x ~ E, and # a maximal measure on X representing x. Then (p - e~) E A • and 

hence #(E) = O. 

Moreover, if e* denotes the adjoint of  e, then (eA) ~ = (I - e*)A* and hence 

Thus 

1 o(I - = f ,  1 d# = O. 

0 = (I - e*)((I)(x))(1) = 1 - e(1)(x) 

and we are done. (cf. [2, Corollary 5.16]). 

Finally we point out that since every point x z 0aX is a p-set for A and 

Jx = (a cA] a(x) = 0} 

is the largest M-ideal contained in the kernel of ~(x),  then the structure-topology 

[2, w on OeK restricted to aeSA coincides with the symmetric facial topology 

studied by Ellis in [7]. This follows from Theorems 2.3 to 2.5. 

Moreover, this topology coincides with the well known p-set topology. Speci- 

fically, if p ~ 0~K, then there exists a unique point Xp ~ OAX and 2~ ~ {z ~ C] ] z ] 

= 1} such that p = 2p~(xp) and hence the largest M-ideal contained in the kernel 

of  p is J~ .  The above can be summed up in the following diagram: 
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( p-set topology) 

i 
S A ~ ~ :~ K 6he e 

(symmetric fQciol topolgy) (structure topologvi 

~ 
, ~  q 

Prim A 
(structure topologyl 

where all the maps are continuous, q is open, and �9 and s are homeomorphisms.  
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