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ABSTRACT

Convexity arguments are applied to characterize the M-ideals of a given com-
plex function space 4 S C(X). The main result is the following: A closed
subspace J of A4 is an M-ideal if and only if J= { acAd l a=0on E}, where
E is an M-set of X. Specializing to uniform algebras it is shown that M-ideals
coincides with the algebraic ideals generated by p-sets, which in turn yields
a description of the primitive ideal space, Prim A, as the Choquet-boundary
endowed with p-set topology.

Introduction

The aim of this paper is to give a characterization of the M-ideals of a complex
function space 4 € €(X).

The concept of an M-ideal was defined for real Banach spaces by Alfsen and
Effros [2], but it can be easily transferred to the complex case (Theorem 1.3).

The main result is the following: Let J be a closed subspace of a complex
function space A. Then J is an M-ideal in A if and only if

J={acA|a=0onE},

where E < X is an A-convex set having the properties:

(i) ueM(0,X),veM;(E), u—veA*=Supp(p)<E

(i) ped*N(0,X)=> ulE ed*
In case 4 is a uniform algebra these sets are precisely the p-sets (generalized peak

sets).

* This work was in part supported by the Danish Science Council J. no. 511-1105.
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Following the lines of [2], we shall study M-ideals in 4 by means of the cor-
responding L-ideals in A*, which in turn are studied by geometric and analytic
properties of the closed unit ball K in A*,

Although we have an isometric complex-linear representation of the given
function space as the space of all complex-valued w*-continuous linear functions
on K, it turns out that the smaller compact, convex set Z = conv(S, U — iS,),
where S, denotes the state space of 4, will contain enough structure to determine
the L-ideals. The set Z was first studied by Asimow [4]. Note also that the problems
which always arise in the presence of complex orthogonal measures can, to a
certain extent, be given a geometric treatment when we consider the compact,
convex set Z (Theorem 2.4).

Another useful tool in this context is the possibility of representing complex
linear functionals by complex boundary measures of the same norm, as was
recently proved by Hustad [11].

Specializing to uniform algebras we characterize the M-summands (see [2, §5]),
and we conclude by pointing out that the structure-topology of Alfsen and Effros
[2, §6] coincides with the symmetric facial topology studied by Ellis in [7].
This result yields a description of the structure space, Prim A4 (see [2, §6]), in
terms of concepts more familiar to function algebraists. Specifically, Prim A is
(homeomorphic to) the Choquet-boundary of X endowed with the p-set topology.

The author wants to express his gratitude to E. Effros for Theorem 1.2 and to E.
Alfsen for helpful comments.

1. Preliminaries and notation

Let W denote a real Banach space. Following [2, §3] we define an L-projection
e on W to be a linear map of W into itself such that,

i) e2=e
i) |p| =le@|+|p-e@| Vrew

and we define the range of an L-projection to be an L-ideal in W.

To every L-ideal N = eW, there is associated a complementary L-ideal N’
=(I — e)W. See [2,8§3].

We say that a closed subspace J of a real Banach space V is an M-ideal if the
polar of J is an L-ideal in W = V*, Also, we define a linear map e of V into itself
to be an M-projection if
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i)e’=e
i) “ v ” = max{“ e(v)\

and we define a subspace of V to be an M-summand if it is the range of an M-
projection. It follows from [2, Corollary 5.16] that M-summands are M-ideals.

b

v—e()|} VeV

LemMMA 1.2. Let N be an L-ideal in a real Banach-space W, and let e be the
corresponding L-projection. If T is an isometry of W onto itself, then TN is an
L-ideal and the corresponding L-projection ey is given by

(1.1) er=TeT- 1.
Also
(TN)' = T(N").
Proor. Straightforward verification.

If V is a complex Banach space, then we shall denote by V, the subordinate real
space, having the same vectors but equipped with real scalars only. By an ele-
mentary theorem [12, §6], it follows that there is a natural isometry ¢ of (V*)
onto (V,)*, defined by

(1.2) o(p)(v) =Rep(v) veV.

THEOREM 1.2, (Effros) Let W be a complex Banach space with subordinate
real space W,. If N is an L-ideal in W,, then N is a complex linear subspace of W.

Proor. It suffices to prove that ipe N for all pe N. Let pe N and consider
q=p—eéerp,
where T is the isometry T(p) = ip/Vp e W and ey is defined as in (1.1). Then
q =e(p) — ere(p) =e(p —er(p)) EN
since L-projections commute [5, Lemma 2.2.]. Also we have
iqg=i(I —er)(p)i(T(N"))=N".
Thus
VZlal=la+ia|=laf+]ia]=2]a]-
Hence g =0and ipeN.

COROLLARY 1.3. Let V be a complex Banach space with subordinate real space
V,. If J is an M-ideal in V,, then J is a complex linear subspace of V.

Proor. It suffices to prove that if v eJ then iveJ. Assume for contradiction
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that there exists v, eJ such that ivo¢J. By the Hahn-Banach theorem there
exists pe V* such that

Rep(ivy) >0, Rep(v) =0  Vveld.

Let ¢: (V*),— (V,)* and T: (V¥*),— (V*), as above. If J_ denotes the polar of
J in (V,)* then ¢~1(J9) is an L-ideal in (V*), and hence a complex linear subspace
of V*. Thus T¢1(J?) = ¢~ *(J?) and moreover,

J7 = (6T H(J)
Since Rep € J? we shall have (¢T¢—!) (Rep)€J”. Thus
0 =(¢Tp~")(Rep)(v,) = Re(ip)(vy) = Rep(ivy)
and we have obtained a contradiction.

The above results justify the use of the terms L- and M-ideals for complex
Banach spaces to denote L- and M-ideals in the subordinate real spaces.

Let ¥V be a complex Banach space, W = V*, and K the closed unit ball of W.
If N is a w*-closed L-ideal in W with corresponding L-projection e, then it follows
from [2, Corollary 4.2] that, for a given veV considered as a complex linear
function in W, one has voe is Borel and

(1.3) (voe)(p) = fK (voe)du VpeKk, VueM;(K)
and
(1.4) (voe)(p)=J;v de,u VpeK, Yue M, (0.K)

where M (K) denotes the set of all probability measures on K with barycenter p,
and M, (0,K) the set of all measures in M, (K) which are maximal in Choquet’s
ordering (boundary measures).

2, M-ideals in complex function spaces

In this section, X shall denote a compact Hausdorff space and A a closed,
linear subspace of €c(X), which separates the points of X and contains the
constant functions. The state space of A, i.e.,

Sy={ped*|p()=|p| =1}
is a w*-closed face of the closed unit ball K of A*. We shall assume that K is
endowed with w*-topology.



Vol. 12,1972 M-IDEALS IN FUNCTION SPACES 137

Since A separates the points of X, we have a homeomorphic embedding ® of X
into S, defined by

.1 O(x)(a)=a(x) VaeA.
We use fa to denote the function on A* defined by
2.2 Ba(p) =Rep(a) Vped*

For convenience we shall use the same symbol 0a to denote the restriction of this
function to various compact, convex subsets of A*.
An enlargement of S, which was introduced by Asimow, is the following set

(2.3) Z =conv(S, U —iS,).

Appealing to [4, Proposition 1], the embedding a — 6a is a bicontinuous real
linear isomorphism of 4 onto the space A(Z) of all real-valued w*-continuous
affine functions on Z.

We shall denote by M7 (S,) (respectively M (Z)) the w*-compact convex set
of probability measures on S, (respectively Z). The set of extreme points of S,
(respectively Z, K) will be denoted by 4,S,, (respectively 0,Z, 0,K) and the Choquet
boundary of X with respect to A is defined as the set

0, X = {x e X|®(x)€4,5,}.
It follows from [12, p. 38] that 3,54 < ®(X). Moreover,
0.K = {A(I)(x)H/ll =1, xe€d, X}.
See [6, p. 441].

Also we agree to write M, (S,) (respectively M (Z)) for the w*-compact convex
set of probability measures on S, (respectively Z) which has barycenter pe S,
(respectively z € Z). By M (9,S,) (respectively M, (3,Z)) we denote the maximal
representing measures for p (respectively z) (boundary measures).

A real measure p on S, (respectively Z, K) is said to be a boundary measure
on S, (respectively Z, K) if the total variation || is a maximal element in the
Choquet ordering, and we denote them by M(d,S,) (respectively M(d,Z), M(0.K)).

Finally we denote by M(d,X) those complex measures u on X for which the
direct image measure ®( lul) on S, is an element of M(4,S,).

It is well-known (see e.g. [1, Proposition 1.4.6]) that boundary measures are
supported by the closure of the extreme boundary.

As mentioned we shall study M-ideals in A4 by considering the corresponding
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L-ideals in A*, Let N be a w*-closed L-ideal in A* with corresponding L-projection
e.

LemMma 2.1. Let peS,. Then
e(p) econv({0} US,).

ProOF. Let peS, and decompose p=g+r where g=e(p) and r = (I —e)(p).
If g = 0 or r = 0 there is nothing to prove. Otherwise

= lal () + 171 (1)

is a convex combination of points in K. Since S, is a face of K we obtain
q/| q| €S, Hence

e(p) = g econv({0} U S,).

COROLLARY 2.2. Let z€Z, then

(I — e)(z) econv({0} U Z).

Proor. Since I — e is an L-projection the corollary follows immediately from
Lemma 2.1 and the definition of Z.

If Q is a closed face of a compact, convex set H, then the complementary face
Q' is the union of all faces disjoint from Q. @ is said to be a split face of H if Q' is
convex and each point in K\(Q U Q') can be expressed uniquely as a convex
combination of a point in Q and a point in Q’, (¢f [1, p. 133]).

According to [1, Theorem 11.6.12], we have that for a closed face Q of H the
following statements are equivalent:

(i) Q is a split face,
(1) If ueM(0,H) annihilates all continuous affine functions, then ;zl Q has the
same property.
THEOREM 2.3. Let N be a w*-closed L-ideal of A* and let F = N NZ. Then F
is a split face of Z with complementary face F' = N' N Z.
ProoF. To see that F is a face of Z we consider a convex combination
Az, +(1 — Az, eF,

where z,,z,€Z and 0 < A < 1. From Corollary 2.2, we have (I — ¢)(z,) econv
({0} U 2Z) for i = 1,2. Moreover,

2.4) 0=A(I-e)(z)+ (1 =AU —e)(zy).
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Since 0¢ Z, 0 is an extreme point of conv({0} U Z) and hence from (2.4)

(I—-e)(z)=0=(I —e)(z,).
Consequently z;€ F for i = 1,2 and F is a face of Z.

Let zeF’ and pe M](9,Z). Then u(F) =0 [9, Lemma 2.11]. Moreover, the
Milman theorem implies that 6,Z < (S, U — iS,) and hence Supp(u)<
(84U —iSy). Since these two sets are faces of K we may consider p as a
boundary measure on K.

According to (1.4), we also have

(Pac.e)(z) = f Pady  VYaeA,
F

where e is the L-projection corresponding to N. Thus e(z) = 0, which in turn
implies ze N' N Z.
Conversely, assume z € N' N Z. Decompose

z=2p,+(1 = Vp,
where p,eF, p,eF' and 0 £ 1< 1. Hence
z~(1—=Ap,=4p,eNNN ={0},

and so z = p, € F’. Thus we bave proved that F' = N’ N Z. In particular, F’ is
convex.
From the above results we may establish the splitting property by proving

peA(Z) N M(3,Z) = |y € A(Z)*.
To this end we consider pe A(Z)* N M(3,Z). As before pe M(3,K), and also

fﬂadu=f fBadp=10 Vae A,
K z

ie., pedy(K)* N M(8.K), where 44(K) is the space of all real-valued w*-con-
tinuous linear functions on K. By virtue of [2, Theorem 4.5] u] reAy(K)*Y, or
equivalently p|p € A(Z)". q.ed.

ReMARk. Under the hypothesis of Theorem 2.3 we have
F=conv((F NS, U —i(FNSy)).
Following Ellis [7] we shall say that a subset of Z of the form
conv(CU —iC), Cc<c§,

is symmetric. Let F be a closed face of S, and put
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(2.5) E =0 Y(F Nd(X)).
Then F = conv(®(E)) and F N®(X) = O(E).

THEOREM 2.4. Let F be a closed face of S, and let E be as in (2.5). Then the
Sfollowing statements are equivalent:

(i) Sp=conv(F U —iF) is a split face of Z.
(i) ped NM(0,X)=pu|geA*.
PRrOOF. Assume Sy is a split face and let pe A~ N M(3,X). Let 6=®p. Then ¢

is a complex boundary measure on S,. If v is a real or complex measure on K,
then we denote by r(v) the resultant of v, i.e., the unique point in A* for which

(2.6) a(r(v)) = f adv  YaeA.
K
Since i € A* we have r(¢) = 0. Rewrite ¢ as
(2'7) o-=0-1+i0'2

where o; is a real boundary measure on K for i = 1,2. Define y: S, » — iS, by

(2.8) Yy(p)=—ip VpeS,
The measure
(2.9) o' =0, —Y(d,)

is a real boundary measure on Z with r(¢’) =0, ie., o' A(Z)" N M(3,2).
Since Sy is a split face of Z, we shall have ¢’|_ € 4(Z)* and hence

0= r(a’lsp) = r(U1IF) - r(‘/’(“z)lwm)
= r(allp) + ir(o'zlp) = r(GIF)
or equivalently u|; e 4™

Assume conversely that E satisfies (ii). First we prove that S is a face of Z.
Let ze S and pe M7 (6,Z). Then we have to prove that Supp(u) < Sy. Since
z €Sy we may write z as a convex combination

z=Apy + (1 =2)(—ipy), pecF i=12

Choose a,-eM;(ﬁeSA) for i=1,2. Then ¢,(F)=1 since F is a face. Since
peM;(8,Z) we may write p as

(2.10) p=py+ s,
where Supp(u,) € S, Supp(p,) & —iS,.
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Consider the measure
(2.11) v=1Aoy + (1 = (= io)) — (uy — iY~'(1p)).
Then v is a complex boundary measure on S, with »(v) = 0. From (ii) it follows
that r(v] r) = 0. Specifically v(F) =0 and hence from (2.11)

0=2+1—-2(=1— p(F) + in,(—iF),

ie., u,(F)= 74 and p,(— iF) =1 — 1 and hence u(Sy) = L.

To prove that Sy is a split face we let p e A(Z)*N M(3,Z). As in (2.10) we write
pas p=p, + p, and define

Bo= gy — i),
Then r(u') = 0 and as above r(y’ ] r) = 0. Hence
0 = r(uy|p) = ir(W ") [p) = r(ut]s,)s

i.e., u|s, € A(Z)* and the theorem is proved.

THEOREM 2.5. Let F be a closed face of S, for which Sp = conv(F U — iF)
is a split face of Z. Then

N - lincF
is a w*-closed L-ideal in 4*.

Proor. Since Sy is a split face, N may be considered as a w*-closed real linear
subspace of A(Z)* and from the connection between A and A(Z) (see section 1) it
follows that N is w*-closed in A4*.

According to Theorem 2.4 the following definition is legitimate,

e(p)(a) =L adpy  VacA,

where E is as in (2.5) and p is a maximal complex measure representing the point
peE A*. Clearly e(4*) = N. Let peN, ie,,
P =A1ps + A(— p2) + A3(ips) + Ay(— ips)
where p;e Fand 2, =20 fori=1,2,3,4.
Choose measures o;€ M, (9,S,) for i =1,2,3,4. Then Supp(s;) < ®(E) since F
is a face of S,. Define p, = ® g, for i = 1,2,3,4 and
f= Ay — Aoty + ikaps — idspy.

Now u is a complex representing measure for p and Supp(u) < E, i.c.,
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e(p) = p.

To prove that e is an L-projection, we shall need the fact that we may represent

peA* by a measure y e M(9,X) such that || p| =|u|. This follows by a slight
modification of a theorem of Hustad [11] (cf. [10]).

Having chosen e M(9,X) representing pe A* with | p| = | u

], we have

[2l < e@] +]p—e@]<|nle+[rlxe=]ul=]2]

which implies

[ol=le@|+]p-em] vpear,
i.e., e is an L-projection with range N.
A compact subset E < X is said to be A-convex if it satisfies:

E={xEX| Ia(x)lgua“E YaeA}.

If F is a closed face of S, such that S, = conv(F U — iF) is a split face of Z, then
the set E = ®~}(F N ®(X)) is A-convex and has the following properties:

() neM;(3,X),veM(E), p—veA*=Supp(p) S E.
(i) peATNM(9,X)= p|ze4".
If an A-convex subset E of X satisfies (i) and (ii) then we say that E is an M-set.
If E = X is a compact subset then we denote by S, the following subset of S,
(2.12) S = conv(®(E)).
Clearly, if E is an M-set, S is a closed face of S, and Sy N O(X) = O(E).
Moreover,
COROLLARY 2.6. Let E be an M-set of X. Then
N = lincsE
is a w*-closed L-ideal of A*.
Proor. Theorems 2.4 and 2.5.

COROLLARY 2.7. Let E be an A-convex subset of X. Then the following state-
ments are equivalent:
(i) E is an M - set.
(ii) conv(Sg\V — iSg) is a split face of Z.
(ili) conv(Sg; U —iSg) is a face of Z and N = lingSg is a w*-closed
L-ideal.

Proor. Theorems 2.3, 2.4 and 2.5.
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RemMarRk. Thus we see that there is a one-to-one correspondence between the
w*-closed L-ideals of 4* and the closed symmetric split faces of Z.
That not all split faces of Z are symmetric is a consequence of the following
observation:
A closed face F of S is a split face of Z if and only if the following condition is
satisfied:
pe At N M(0,X) = {#1 IEEAL
Ha IE edt
where u =y, + iu, and E is as in (2.5).
REMARK. See [4] and [7] for similar results.

Turning to the M-ideals in 4 we now have the following

THEOREM 2.8. Let J be a closed subspace of A. Then the following statements
are equivalent:

(i) J is an M-ideal.

(i) J={aed|a=0on E},
where E is an M-set of X.

Proor. Assume J is an M-ideal of A. Then J° N Z is a split face of Z since J°
is an L-ideal. Moreover, we claim that

J? =ling(J° N 8.
Trivially, ling(J° N S,) = JO. If ped,(J° NK) then
ped(J°NK)=J"NJ,K.

Hence
p=4q, |/1' =1, qed,S,.
Thus
gq=A1"1pel’ NS,
such that

peling(J°NS)).
It follows from Theorem 2.5 that ling(J° N S,) is w*-closed and hence
conv(d,(J° NK)) = ling(J° N S,).

This in turn implies
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JO =ling(J° N S,).
Equivalently
JO =ling(®(E))"",
where E = ® ~"1(J° N ®(X)).
Thus we see that
J={acA|a=0 on E},
and clearly E is an M-set.
Conversely, if J is of the form
J={aeA|a=0on E.

where E is an M-set, then J° =lin.S is an L-ideal according to Corollary 2.6.

3. The uniform algebra case

In this section we make the further assumption that 4 is a uniform algebra [8].
A peak set E for A is a subset of X for which there exists a function a € 4 such
that

a(x)=1 VxeE, Ia(x)|<1 VxeX\E.

A p-set (generalized peak set) for A is an intersection of peak-sets for A. If X is
metrizable then every p-set is a peak set [8, §12].

It follows from [8, Theorem 12.7] that the following are equivalent for a compact
subset E of X:

(i) E is a p-set.

(ii) ueAl»ylEeA%
Clearly, p-sets are M-sets. Moreover, since M-sets are A-convex it follows by a
slight modification of [3, Theorem 7.4] that M-sets are p-sets, i.e., we may state

THEOREM 3.1. Let A be a uniform algebra and J a closed subspace of A.
Then the following statements are equivalent:

(i) J is an M-ideal.

(i) J={acd|a=0 on E},

where E is a p-set for A.
Turning to the M-summands of 4 we have

THEOREM 3.2. Let J be a closed subspace of A. Then the following statements
are equivalent:
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(i) J is an M-summand.
(i) J={acd|a=0on E},
where E is an open-closed p-set for A.

Proor. Trivially (ii) = (i) by virtue of Theorem 3.1.

Conversely, assume J is an M-summand. Then
J={aecA|a=0 on E},
where E is a p-set for A. To prove that E is open it suffices to prove that
{xeX|e(l)(x)=1}=X\E
where e is the M-projection corresponding to J. Clearly
{xeX|e(1)(x)=1} = X\E.

Let x ¢ E, and p a maximal measure on X representing x. Then (u —¢,) € 4* and
hence pu(E) =0.

Moreover, if e* denotes the adjoint of e, then (ed)® = (I — e*)A* and hence

1.(I — e*)(®(x)) = f 1dp=0.
Thus
0=(I—e*)(D(x))(D) =1 — e(1)(x)

and we are done. (cf. [2, Corollary 5.16]).
Finally we point out that since every point x€3,X is a p-set for 4 and

J.={aed|a(x)=0}

is the largest M-ideal contained in the kernel of ®(x), then the structure-topology
[2, §6] on 0K restricted to 0,5, coincides with the symmetric facial topology
studied by Ellis in [7]. This follows from Theorems 2.3 to 2.5.

Moreover, this topology coincides with the well known p-set topology. Speci-
fically, if p € 9K, then there exists a unique point x,€d,X and A, {zeC| |z|
= 1} such that p = A ®(x,) and hence the largest M-ideal contained in the kernel
of pis J, . The above can be summed up in the following diagram:
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5 i
QX ~————> 35  +~—— 3K

( p-set topology) (symmetric facial topolgy) (structure topology)

Prim A
(structure topology}

where all the maps are continuous, g is open, and ® and s are homeomorphisms.
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